PACIFIC JOURNAL OF MATHEMATICS Vol. 18, No. 1, 1966 FRATTINI SUBGROUPS AND φ-CENTRAL GROUPS HOMER BECHTELL 0-central groups are introduced as a step In the direction of determining sufficiency conditions for a group to be the Frattini subgroup of some unite p-gronp and the related extension problem. The notion of Φ-centrality arises by uniting the concept of an E-group with the generalized central series of Kaloujnine. An E-group is defined as a finite group G such that Φ (N Only finite groups will he considered and the notation and the definitions will follow that of the standard references, e.g. [6] . Additionally needed definitions and results will be as follows: The group G is the reduced partial product (or reduced product) of its subgroups A and B if A is normal in G = AB and B contains no subgroup K such that G = AK. For a reduced product, AπB £ Φ(B), (see [2] ). If JV is a normal subgroup of G contained in Φ(G), then Φ(G/N) = Φ(G)/N, (see [5] ). An elementary group, i.e., an JSZ-group having the identity for the Frattini subgroup, splits over each of its normal subgroups, (see [1] ). Let K denote a normal subgroup of an i?-group G such that
On the other hand
Thuŝ the group of automorphisms of K induced by transformation of elements in G. Summarizing: is an elementary group. Hence G/KM is an elementary group which implies that Φ ^ KM since G is an ^-group. B = M f]Φ is normal in G and it follows that Φ -KB. Since K is nilpotent, the center of K exists properly unless G is an elementary group.
Symmetrically K is contained in the G-centralizer J of B. Then as above JB/J is mapped into Φ(jyΓ) and since G/JB is elementary, the mapping is onto, i.e., JB/J = Φ{^T) ~ B/Jf]B R EMARK 1. Note that in Theorem 3, each subgroup K contained in the center of Φ and normal in G satisfies the condition Φ(βίf) -^(K) and so Sίf is an elementary group.
For normal subgroups N of a nilpotent group G, transformation by elements of G on N induce a group of automorphisms £ίf for which a series of subgroups exist, N = iV 0 > JVΊ > > N r -1, such that αrV G N i9 a e βέf, x e N^. Following Kaloujnine [8] , N is said to have an £ί?'-central series. In general jEZ-groups do not have this property on the normal subgroups except in the trivial case of S$f the identity mapping. If N is nilpotent and ^(N) 5s §ίf then the series can be refined to a series for which | N^JNi \ is a prime integer.
A (
1) If N is Φ-central with respect to an automorphism group £ίf \ M a subgroup of N invariant under β^, and S a subgroup of N/M invariant under £ίf*, έ%f* the group of automorphisms induced on N/M by έ%f', then there exists a subgroup K of N containing M, invariant under £ίf\ with K/M = S. Moreover βέf* = £{fl^£, ^£ the set of all a e < §ίf such that x~xx a e M. (2) If N is Φ-central with respect to an automorphism group Sίf and M is a member of the Sίf

-central series, then N/M is Φ-central with respect to £έf*, §ίf* the group of automorphisms induced on N/M by
Proof. The proof of (1) relies on the fact that the groups considered are nilpotent and J?(N) ^ 24f. The only additional comment necessary for (2) is that under a homomorphic mapping of a nilpotent group the Prattini subgroup goes onto the Frattini subgroup of the image (see [2] ). THEOREM Even though the notion of 0-centrality is derived from the properties of the Frattini subgroup of a nilpotent group, it is not a sufficient condition for group extension purposes e.g., consider the extension of cyclic group of order three to the symmetric group on three symbols.
Let N be a group Φ-central under an automorphism group έ%f. If M is a subgroup of N invariant under Sίf then (1) M possesses an £ίf-central series,
Since Φ{K) for a nilpotent group K is the direct product of the Frattini subgroup of the Sylow p-subgroups of K (see Gaschϋtz [5, Satz 6] ), then the determination of the nilpotent groups N which can be the Frattini subgroup of some nilpotent group G reduces to the consideration of G as a p-group. The next section discusses several properties of ^-central p-groups.
2* Only p-groups and their p-groups of automorphisms will be considered.
LEMMA 2. (Blackburn [3] .
) If M is a group invariant under a group of automorphisms £έf and N is a subgroup of M of order p 2 invariant under £ί?', then 3$f possesses a subgroup ^// of index at most p under which N is a fixed-point set.
Proof. έ%f is homomorphic to a p-group of J^(ΛΓ) and p(p -1) since β^ is a p-group. The kernel has index at most p. , y] is invariant under £%f and is contained in the center of N. Since M contains only p cyclical subgroups of order p 2 and x a Φ x j for an integer j and a e Sίf, it follows that x a has at most p images under Sίf. Therefore the subgroup ^ of £ΐf having a; as a fixed point has index at most p in 3ίf. Since Φ(Sίf) = ^(N) ^ ^T, then x is fixed by ^(N) i.e., x is in the center of N. Proof. Consider (1) and note that each element of order p 2 is of
